An algebraic result on the topological closure of 
the set of rational points on a sphere whose 
center is non-rational, II 

By Jun-ichi Matsushita 

Abstract 

Let S be a sphere in R" such that S H Q™ ^ and let CI denote the 
closure operator in the Euclidean topology of 1" . If the center of S is in 
Q", then C\(S PI Q n ) is S, as is easily proved. If the center of S is not in 
Q™, then what is C^STlQ™)? This question, which was answered partially 
in the author's paper [Proc. Japan Acad. Ser. A Math. Sci. 80 (2004), 
no. 7, 146-149], is answered completely in this paper by representing 
C\(S Pi Q n ) in terms of the group of Q-automorphisms of the algebraic 
closure of Q(7i, . . . , 7„) in C, where 71, . . . ,7 n denote the coordinates of 
the center of S. 

1 Introduction. 

Notation 1 Let CI denote the closure operator in the Euclidean topology of 
R™, and |-| (resp. (•,•)) the standard Euclidean norm (resp. inner product) in 
R". For each x = (2^)1^^ G C", let (resp. 3x) denote {$lxi)i^i<^ n (resp. 
(^sXi)i^i^ n ), where %ixi (resp. Qxi) denotes the real (resp. imaginary) part of 

Let S be a sphere in R n such that S D Q n ^ and let us ask the following 
question: 

What is Cl{S n Q")? 

Our purpose is to answer this question, that is, to generalize the following easy- 
to-prove proposition to the case that the center of S is not necessarily in Q n . 

Proposition 2 If the center of S is in Q n , then 

Cl(SnQ") - 5". (1) 
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In Matsushita [3j, we attained this purpose partially (see Remark 2]). In this 
paper, we attain it completely. Let 7 = (7i)i^i^« denote the center of S and 
let f2 be the algebraic closure of Q(7i, . . . , 7 n ) in C (note that 7 is in f2 ra as well 
as in R ra ). Let L be the group of Q-automorphisms of fl and, for each a £ V, let 
a* denote the map O™ — > fi n given by (xi)i^i^ n H> (o-(xi))i^i^ n . Fix a point 
b = (6»)i<i<n € 5 n Q" and define, for each a G R", 

S a ={i€l": |a:-a| = |&-a|} 

= the sphere through b with center a, 
A a = {x e M. n : (a, x — b) — 0} 

the hyperplane through b with normal vector a if a =/= 



if a = 

(note that S* 7 = S). Then the result of this paper is stated as follows: 
Theorem 3 We have 

ci(Sn<T)= f|(^( 7) nA 9(7 , (7) ). (2) 

crer 

Theorem [3] is certainly a generalization of Proposition [2] because if 7 is in 
\ then r\aer( s M<?,h) n A a^(7)) = ^7 H A G7 = 5 7 n A = 5 n R n = S and 



hence [(2)] coincides with (1) We prove Theorem [3] in the following sections. 



Remark 4 The result of Matsushita [3J is a generalization (resp. specialization) 
of Proposition [2] (resp. Theorem |3J to the case that the Q-vector subspace o/R 
spanned over Q by 71 — 61, . . . , 7«. — b n is a field that is Galois over Q. 



2 Equivalent transformation of (2) , 

In this section, we equivalently transform | (2) | First we define, for each a G R", 
II Q = {x e R n : (a - b, x - b) = 1}. 

Then we have 

Proposition 5 \(2)\ is equivalent to 

ci(n 7 n Q n ) = f) (n Ka , (7) n (7) ) . (3) 

crer 

Proof. As is easily verified, the inversion of R™ — {b} with respect to the sphere 
{x e R" :\x-b\ = V2} (that is, the map 

R" - {6} -> R" - {&}; i ^ 6 + — 2 -^{x - b) (4) 

\x-b\ 
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) is a (self-inverse) homeomorphism with respect to the Euclidean topology, and 
maps II Q (resp. A a — {b}) onto S a — {b} (resp. A a — {&}) for each a G R™, and 
maps Q™ — {b} onto Q™ — {b}. Therefore, denoting it by <p, we have 



^(ci(n 7 n Q n )) = <p I f| (n^,^) n A^ (7) )J 
c%(n 7 n Q n )) - {&} = f| ^(n^ (7) n a 3(T . (7) ) 

o-er 

Cl(5 7 n Q" - {b}) - {b} = fl (5^, (7) n A Qct . (7) - {fo}) 

<rer 

Cl(5 7 n Q") - {b} = f| (SW, (7) n A SM7) ) - {6} 
o-er 

ci(5 7 nQ")= f)(^ (7) nA 3CT47) ), 



o-er 

which proves the proposition since Sj = S. ■ 

Notation 6 From now on, we extend (•, •) to C™ by setting 

n 
i=l 

for any x = (xi)i^ is j„, y = (y^i^^n in C™ (note that we have 

n n 

(a*(x),a*(y)) = ^V(xi)o-(i/j) = cr^x^) = cr((x,y)) 

i=l i=l 

for any x = (x l )i^ i ^ n ,y = (y l )i^^„ in fl n and any a G T). 
Next we define, for each a G £l n , 

O a = {xeC n :Vo-er (<r„(a) - b,x - b) = 1}. 

Then we have 

e 7 n Q n = {x G Q n : Va e r (ct*( 7 ) - 6, s - 6) = 1} 

= {x G Q n : Va G T (cr*( 7 - 6), cr*(x - 6)) = 1} 
= {x G Q" : Vcr G T cr(( 7 -&,»-&)) = 1} 
= {^Q":(t-M-&} = 1} 



e 7 m 



n 7 nQ", 
{x <= r 

{x G R" 

{x g R™ 

{a; G 1" 



VcreT (<7*( 7 ) -&,x-£>) = 1} 

VcreT <^( 7 ) + v /3 T3CT*( 7 )-fo,x-6) = 1} 

Vcr G T (5Rcr*( 7 ) - 6, x -b) +V^l{$sa*('Y),x- b) = l} 

Vcr g T ({Hta^)-b,x-b) = 1, (9fo-.(7),x-6) =0)} 



= (njfcr»(7) H A Q(Tit ( 7 )) 



o-er 
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and hence 

Proposition 7 \(3)\ is equivalent to 

ci(e 7 nQ") = e 7 nR™. (5) 

By Proposition [3] and Proposition [71 we have that |(2)| is equivalent to |(5)| 

3 Rationality for affine subspaces of C n . 

Notation 8 In this section and the next section, we use the following notation: 

(a) For any field F and any subset M of {1, . . . , n}, F M denotes the set of 
families of elements of F indexed by M (regarded as a F- vector space by defining 
addition and scalar multiplication as {xi} i£M + {x'f\ ieM = { x i + x i}ieM ano - 

c \ x i}ieM = i CXi }ieAl)- 

(b) For any subset M of {1, . . . , n}, Pm denotes the linear surjection C n — > 

C M given by (xi)i^ n H> {xi} ieM . 

Let U be a non-empty affine subspace of C n and let if be a subfield of C. 
In this section, we introduce the notion of rationality of U over K, which plays 
important roles in the next section. First we define three terms on U. 

Definition 9 For any fto, ■ ■ ■ , /3 m 6 C™ such that 

U = /3 + (C/3i e • • • © cp m ), 

(/3o; /3i, . . . , j3 m ) is called a frame for U . 

Definition 10 A system of linear equations in x\, . . . , x n with coefficients in C 
is called a defining system for U if it is a necessary and sufficient condition for 
(xiji^i^n G C" to be in U, that is, if U is the set of (xi)i^i^ n £ C™ satisfying 
it (note that, since U is non-empty, any defining system for U is consistent). 

Definition 11 A pair (M, /) of a subset M of {1, . . . , n} and an affine map / : 
C M — > C M is called a defining pair for U if 

PMo(x) = f(P M ( X )) 

is a necessary and sufficient condition for x € C" to be in U, that is, if 
is a defining system for U. 

Remark 12 As is clear from elementary linear algebra, there exists a defining 
system for U in reduced echelon form, which, when solved for the leading vari- 
ables in terms of the free variables, can be written as | (6) | for some subset M of 
{1, . . . , n} and some affine map / : C M — > C M . Therefore there exist a subset 
M of {1, . . . , n} and an affine map / : C M -> C A/C such that [(6)] is a defining 
system for U, that is, there exists a defining pair for U. 
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Next we note that U n K n is clearly an affine subspace of K n and prove two 
lemmas. 

Lemma 13 Let (Po; Pi, ■ ■ ■ , Pm) be a frame for U. Then we have 

p ,...,p m £K n => UnK n = p Q + (Kp 1 ®---®Kp m ). 
Proof. Since 

p ,...,p m £K n => u n K n D p + (Kp 1 © • • • K0 m ) 

is clear, we need only show 

p ,...,p m £K n => UnK n cp + {Kp 1 ®---®KI3 m ). 

This holds because, letting p be a i^T-linear projection from the if-vector space 
C onto its subspace K and defining the map p» : C™ —¥ if" by p*((a;j)i^j^ n ) = 
(p(xi))i^ n , we have 

ft, . ■ • , p m e K n => p,(£7) = p*(/3 + (C/3i © • • • © C/3 m )) 

= P.(A>) + (p(C)^i © • • ■ ®p(C)p m ) 
= Po + {Kpt © • • • © Kp m ) 

and t/niT 1 =p*(Ur\K n ) Cp*(U). m 

Lemma 14 Let (M, /) 6e a defining pair for U . Then the following hold: 

(a) U is isomorphic to C M . 

(b) Ur\K n is isomorphic to the affine subspace K M n ^{K™") of K M . 

Proof. Since any x £ K n satisfies Pm(x) £ K M and any x, x' £ U satisfy 

x = x' (P M (x) = P M (x'), P M o(x) = P M c(x')) 

(PmW = Pm(^), /(PmW) = f(P M (x'))) 
P M (x) = P M (x'), 

Pm gives a one-to-one map U n if" -4- K M . This map is clearly affine, and its 
image is K M n /" 1 (X^" ) because 

p M (t/n^") 

= P M ({x £ K n : P M .(x) = f(P M (x))}) 

= P M ({x £ C" : P M (x) £ K M , P M ,(x) £ K M \ P M c{x) = f(P M (x))}) 
= P M ({x £ C" : P M (x) £ K M , f(P M (x)) £ K M \ P M ,(x) = f(P M (x))}) 
= {y£C M :y£K M 1 f(y)£K MC } 

= K M r\f-\K M °). 

Therefore there exists a one-to-one affine map U H K n — > i\T M whose image is 
# M n f-^K^), that is, (b) holds, (a) is the case K = C of (b). ■ 

Under these preparations, we prove a proposition and define the notion of 
rationality of {/ over K. 
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Proposition 15 The following conditions are equivalent: 

(a) There exists a frame (/3q; /3\, . . . , /3 m ) for U satisfying /3q, . . . , /3 m € K n . 

(b) There exists a defining system for U with coefficients in K . 

(c) There exists a defining pair (M, /) for U satisfying f{K M ) C K . 

(d) Every defining pair (M,f) for U satisfies f(K M ) C K M " . 

Proof. We prove this by showing the equivalence of (a), (b), (c), (d), and 

dim K (U n K n ) = dime U. (7) 

(d) =>■ (c): This is clear since, as was shown in Remark [T2l there exists a 
defining pair for U. 

(c) =>■ (b): This holds because, as is easily seen, every defining pair (M, /) 
for U satisfies that if f{K M ) C K M \ then [(6)] is a defining system for U with 
coefficients in K . 

(b) ==> (a): This is readily seen from the faithfully flatness of C over K. 
(a) => |(7)| This holds because, by Lemma IIUI every frame (/3o; . . . , f3 m ) 
for [/ satisfies 

[3 , ... , [3 m eP^ dim K (U n if") = dim^(/3 + (Kf3 1 © • • • © if/3 m )) 

= dim c (/3 + (C/3 X © • • • © C£ m )) 
= dime U. 



|(7)| =>• (d): This holds because, by Lemma [HI every defining pair (M, /) 
for f/ satisfies 

[(75] dim K (if M n f-\K MC )) = dim c C M 

«=► dim K (^ M n f-^K^)) = dim K K M 

«=► k m nf-\K MC )=K M 

«=► X M C f-^K^) 

<=> f(K M ) C K M " . 



Definition 16 [/ is said to be rational over if if the equivalent conditions of 
Proposition [T5] hold (compare this with Bourbaki [I] p. 318, Definition 2]). 



4 Proof of [(5)], 



Notation 17 In this section, we use the following notation: 

(a) For any subset M of {1, . . . , n}, i/^ denotes the bijection C n — > C M xC M 
given by (xi)i<^„ H> ({sJ^m.^J^mOi tnat is , ^ ^ (-Pw(^)) iV=(«))- 

(b) For any r € T and any subset M of {1, . . . , n}, tm denotes the bijection 
fi M -+ ft M given by {x,} ieM -> 

(c) For any r 6 T and any subset M of {1, . . . , n}, t m x denotes (tm) -1 , that 
)m- 

(d) For any r 6 T, r^T 1 denotes (t,) -1 , that is, (r _1 )». 



is, (r- 1 ); 
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In this section, we complete our proof of Theorem [3] by proving that [(5)| 
which was shown to be equivalent to |(2)| in Section [2j holds. Since the case 
9 7 = is trivial, we restrict ourselves to the case 7 ^ 0, in which 7 is (since 
it is clearly an affine subspace of C" ) a non-empty affine subspace of C", that 
is, an example of U . First we prove two lemmas. 

Lemma 18 // U is rational over Q, every defining pair (M, /) for U satisfies 
I M (n(UnSl n )) = {(y,T M c(f(T M \y)))):ye£l M } (8) 
for every r G T. 

Proof. For every t G T, every defining pair (M, /) for U satisfies 
/i/(r,(t/n!l")) 

= Im(t*({x G O" : P M o{x) = f(P M (x))})) 

= I M ({x G fi n : Pm^t^(x)) = /(Pm^ 1 ^)))}) 

= I M ({x G H n : r M l(P M c(^)) = f{r M \PM{x)))}) 

= I M ({x G C" : P M (z) G n M , P M c(x) G fi MC , t m 1 c (F Mc (.t)) = f{T^{P M (x)))}) 
= {(y,z) G C M x C Ar : y G n M , z G fi Ar , r M l(z) = /(r^(y))} 
= {(y,z) G C M x C MC : y G tt M , /(r^(y)) £ tt MC , z = ^.(/(t^ 1 (»)))} 
= {(j/,T M e(/(T^(y)))) : y G fi M , /(r^(y)) G MC } 
and hence 

E13 < — VyGO M f{TM l {y)) e n MC 

VyGr^(0 M ) /(y)G ^ 
<=► Vy G tt M /(„) G fi" e ( ■.• r M x (0 M ) = n M ) 
/(0 M )C0 M °. 

Therefore every defining pair (M,f) for U satisfies p)1 for every r G T if every 
defining pair (M, /) for [/ satisfies f(Sl M ) C ft MC , that is, if U is rational over 

n. m 

Lemma 19 The set of invariants ofT is equal to Q. 

Proof. By Bourbaki [2, Chapter V, p. 112, Proposition 10], the set of invariants 
of the group of Q-automorphisms of any algebraically closed extension of Q 
is equal to Q. Since Q, of which T is the group of Q-automorphisms, is an 
algebraically closed extension of Q, this implies the lemma. ■ 
Using Lemma fT3l and these two lemmas, we prove 

Proposition 20 If U is rational over O and 

Vrer r*(t/nfi") = £/nft n , (9) 

then 

ci([/nQ n ) = c/"nm n . (10) 
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Proof. We prove this by showing that 

|(10)| holds if U is rational over Q (11) 

and that 

U is rational over Q if U is rational over f2 and|(9)|holds. (12) 



(11) is shown as follows: By Lemma [T3l every frame (/?o; Pi, • • • , Pm) for U 



satishcs 



Pa, • • .,/3m eQ"^Pn Q" = A, + (Q/?i © • • • © Qp m ), 
po, • ■ • , An € R" => 17 n K" = A) + (M/3i © • • • © M/3 m ) 

and hence 

Po, • ■ • , Pm G Q" C1(C/ n Q") - C1(A) + (Q/3i © • • • © QA™)) 

= /3 + (M/3 1 ®---®K/3 m ) 

= c/ni". 

Therefore |(10)| holds if there exists a frame (A) ; Pi , - ■ • , An) f° r ?7 satisfying 
Po, . . . , p m £ Q n , that is, if U is rational over Q. 

(12)| is shown as follows: If t/ is rational over Q, then, by Lemma [TBI every 



defining pair (M, /) for U satisfies 

PI ^ Vr £ r / M (n(c/ n fi™)) = z M (E/ n n n ) 

^Vrer {(y.TM^/frj/fe)))) : y £ n M } = {(y,f(y)) : y £ il M } 
^VreT Vye^ M r M .(f(r M 1 (y))) = f(y) 
VreT VyeQ M r M c(/(r M 1 (y))) = /(y) 
<=> VreT VyeQ M r M c(/(y)) = /(y) 

Vy G Q M /(y) G Q MC (by Lemma [HD 

,M )cQ Af . (13) 



Therefore if U is rational over Q and |(9)| holds, then every defining pair (M, /) 
for U satisfies /(Q M ) C Q M<= , that is, U is rational over Q. ■ 



Remark 21 Noting that / is an affine map and using the obvious fact that eac/i 
element of £l M can be written as an affine combination ( over Q) of elements of 
Q A/ , we can easily justify replacing ' =>■ ' in |(13)| by ' ', which changes the 
first sentence of the proof of (12) to imply not only that if U is rational over 
17 andU9)\ holds, then every defining pair (M,f) for U satisfies /(Q M ) C Q M , 



that is, U is rational over Q but also that if U is rational over fl, then \(9)\ holds 
if there exists a defining pair (M,f) for U satisfying f(Q M ) C Q M , that is, if 
U is rational over Q, which and the obvious fact that U is rational over Q if U 
is rational over Q imply the converse of p2)| Hence we have not only |(12)] but 
also its converse, that is, U is rational over Q if and only if U is rational over 
Q and \(9)\ holds (compare this with Bourbaki 1, p. 324, Theorem 1 (i)]). 
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Now we prove that U — 7 satisfies the rationality of U over fi and |(9)| that 
is, the following holds, which, by Proposition [20l implies that U — 9 7 satisfies 
pTjj that is, p)] holds. 

Proposition 22 7 is rational over and 

Vr g r u (e 7 n fi") = e 7 n n™. (14) 

Proof. Since 

6 7 = {x G C" : Vcr G T (^(7) - 6,a; - 6) = 1} 

= {.t G C" : Vcr G T (^(7) - 6,x) = 1 + (o-*( 7 ) - 6,6}} 

= I (^)i^„ € C" : Va G T ^(a( 7l ) - b t ) Xl = 1 + (^(7) - 6, 6}| , 
a defining system for 7 is 

n 

Va G T 53(tr( 7i ) - 6i)xi = 1 + (a*( 7 ) - 6, 6) , 

i=l 

which is with coefficients in tt. Hence there exists a defining system for 7 with 
coefficients in f2, that is, 8 7 is rational over f2. |(14)| holds because 

Vr g r r»(e 7 n n n ) = ^{{x g Q n : v<r g r (a,( 7 ) - 6,^ - 6) = i» 





g n n 


: Vo- G T ((7,(7) - 6,T- 1 (a;) - 6) = 


1} 




= {* 


G fi" 


:Vaer (r- 1 ((r ( r) >t (7)-6),T- 1 ( a; 


"*)> 


= 1} 


= {x 


G ft™ 


: Vo- G r t _1 «(t«7)»(7) - 6,ai- 6)) 






= {x 


g n n 


:Vcrer ((ro-)*(7)-6,a;-6) = 1} 






= {x 


g 


:Vcr£rr (cr*(7) -b,x-b) = 1} 






= {x 


G ft™ 


:Vo-er (<t.(7) -6,2; -6) = 1} ( 


vrr = 


= r) 


= e 7 


nn™. 









Remark 23 Let a = (a.i)i^j^ n be an element of f2 n . Then, replacing 7 (resp. 
7i) by a (resp. <2j) everywhere in our proof of |(5)| we obtain 

ci(e„ n Q n ) = e a n E", 

which, by modifying the proof of Proposition [7j is shown to be equivalent to 

ci(iLR a n A aa n Q n ) = f| n A 9ct , (o) ), 

o-er 

which, by modifying the proof of Proposition [SJ is shown to be equivalent to 

ciOSa, n A 3o n Q n ) = f| (^ (q) n a 9ct , (o) ). 

o-er 

|(2)| is the case a = 7 of this last formula. 
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Remark 24 Let q be a non-degenerate definite quadratic form R™ — > R such 
that q{Q n ) C Q, and B the polar form of q, that is, the symmetric bilinear 
form R" x R" R that is defined by £(>,?/) = ±(q(a; + y) - q(x) - q(y)) 
(and hence satisfies B(x,x) = q(x)), and L the linear map R™ — > R™ such that 
B{x,y) = (L(x),y) (note that an example of g is q(x) = \x\ 2 , which implies 
B(x,y) = (x 7 y) and hence L(x) = x). Then, as is easily proved, the map 

R™ - {6} -> R™ - {&}; £^6 + 2 —L~ 1 (x — b) (15) 

q(L 1 (x-b)) 

is well-defined, and is a homeomorphism with respect to the Euclidean topology 
(with the inverse x ^ b + q ^_ b ^ L(x — b)), and maps II a (resp. A a — {&}) onto 

{x e R™ - {&} : q (x - a) = q (b - a)} (resp. {x £ E™ - {6} : B(a, x - b) = 0}) 

(16) 

for each a € R", and maps Q" - {6} onto Q" - { 6} (note that if q{x) = |x| 2 
and hence B(x,y) = (x : y), L(x) = x, then |(15)| coincides with |(4)| and |(16"J| 
coincides with S a — {b} (resp. A a — {b}) for each a € R ra ). Therefore, denoting 
it by ip' and denoting 

: q(x — a) = q(b — a)} (resp. B(a, x - b) = 0}) 

by S' a (resp. AJJ for each a £ R™, we have 



m ^(Ci(n 7 n Q n )) = ^ 



( n( n ^(7) nA ^,(7))j 

Vcrer / 

ci(^(n 7 n <o - {6} = f) ^(n^ (7) n a 9ct , (7) ) 

o-er 

ci(S 7 nor- {b}) - {6} = p| (5^ (7) n A'^ (7) - {b}) 
ci(s; n Q") - {6} = P| (S^. (7) n A'^ (7) ) - {&} 

o-er 

Cl(5;nQ")= p|(^(7) nA '^,(7))' 



o-er 

which and Proposition [7] and the fact that |(5)| holds imply that 

Ci(i? 7 nQ") = P|(^, (7) nA^ (7) ) 

crer 

holds. |(2)| is the case q(x) = |x| 2 of this formula. 

Remark 25 The entire paper remains valid if we replace "let fi be the algebraic 
closure of Q(7i, . . . , 7«) in C" by "let f2 be an algebraically closed subfield of C 
containing Q(7i, . . . ,7n)"- 

Remark 26 Let k be a subfield of R. Then the entire paper remains valid if 
we replace Q by k everywhere. 
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